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Making use of an identity of Euler’s involving the partition function p(n), 
Kolberg (Math. Stand. 7 (1959), 377-378) showed that p(n) assumes both even 
and odd values infinitely often. His method admits of refinement, and as a conse- 
quence we are led to the following more comprehensive result: Let q > 2, 0 < r < q 
and denote by E,.,(N) the number of positive integers n < N such that p(n) I r 
(mod q). The there exist at least two distinct values of r such that, for all 
sufftciently large N, 
E,.,(N) > log log N/q log 2. 
We denote by p(n) the familiar function enumerating the unrestricted 
partitions of n, with the convention that p(O) = 1. Although, ever since the 
pioneering work of Ramanujan (see, e.g., [3, Chap. 6]), numerous 
congruence relations concerning this function have been discovered, the 
parity of the values of p(n) has largely remained a mystery. Over sixty years 
ago, MacMahon [9] gave an efficient practical method for determining 
whether p(n) is even or odd for specified values of n; but the first (and to the 
best of my knowledge still almost the sole) theoretical result bearing on the 
question was found by Kolberg [8] who showed that p(n) assumes both even 
and odd values infinitely often. His proof, which is as ingenious as it is 
simple, depends on a classical identity credited to Euler (see, e.g., 14, 
P. 2861), 
dn> + x (-ljk {dn - %) + dn - tk)} = 0, k>l (1) 
where 
Sk = fk(3k - l), t,=fk(3k+ 1) 
and the summation extends over all terms with a nonnegative argument. It 
seems natural to look for a sharpening of Kolberg’s conclusion by a more 
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effective exploitation of his idea. This is, in fact, the object of this article. We 
shall strengthen Kolberg’s result in two ways: by considering congruences to 
a modulus other than (i.e., not necessarily equal to) 2 and by quantifying the 
statement about the distribution of values of p(n) among the several residue 
classes. 
Throughout we shall write q > 2, 0 < r < q, and shall denote by E,,,(N) 
the number of positive integers n <N such that p(n) = r (mod q). The 
following result (which, in particular, contains Kolberg’s) will be proved: 
THEOREM. For each q there exist at least two distinct values of r such 
that, whenever N is suflciently large, 
log log N 
J%(N) > q log 2 . 
It is hardly necessary to stress that this conclusion is extremely weak. It 
seems quite likely that p(n) is distributed among the residue classes (mod q) 
with some degree of uniformity; and we shall discuss various possibilities of 
further improvement and give a brief indication of work done in this field. 
First, however, we shall exhibit a proof of the theorem just stated. 
Proof: For m > 1, we have, by (1 ), 
P(t *m+ I) - 1P(tz,+, -s,) + P(tzm+ I - t,)} 
+ {I)(tzm+1 -s*)+ P(f*m+1 -t*)I 
- *.. + 1P(tzm+, - S2m) + P(t*,+ I - t*,)I 
- {P(tzm+l - SzmtJ+ PO,,, 1-f2mtl)~=0' (2) 
Assume that, for all n with 2m + 1 < n < t2,,, + , , we have p(n) E r (mod q). 
Then, observing that t2,,,+, - s2mt r = 2m + 1 and reducing (2) modulo q, we 
infer that 
r+(--2r+2r- *se +2r)-(r+ 1)rO (mod s>. 
The first parentheses on the left-hand side contains m positive and m 
negative terms. It follows that -1 s 0 (mod q), and the contradiction shows 
that there exists at least one integer n such that 
2m+ 1 <n<tZmf,, p(n) k r (mod q). 
Denoting by E:,(N) the number of positive integers n <N with p(n) f r 
(mod q), we therefore see that 
qq(t2, t 1 I- @,(2m) > 1. 
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But t2,,,+, = 6m2+7m+2 and sot Zm+, < 8m’ for m > 4. Thus 
E:,(2’m2) - Ez,(2m) > 1 (m > 4). 
Writing fl,, = 2* - 1 and choosing 
,,, = 2@h-1-l (h 2 3), 
we therefore have 
E,?,(29 - E&(29 > 1 (h 2 3). 
Adding these relations for h = 3, 4,..., k, we obtain 
E&(29 - E&(8) > k - 2 (k 2 3). 
A fortiori 
E$(2”) > k - 2 (k > 3). (3) 
Now let k be chosen as the largest integer such that 22’ < N. Then (denoting 
by 1x1 the largest integer not exceeding x), we have 
k= bog ts)plog2)]> ‘og’og~;;og’og2 - 1 
and therefore, by (3) 
E?,(N) 2 E;,(22”) > (log log N/log 2) - c (4) 
whenever 0 <t < q (C being a suitable positive constant). Taking, in 
particular, r = 0 we see that 
E,.,(N) + E,.,(N) + ... + E,-,*,(N) > (log log N/log 2) - C. 
There exists, therefore, an integer r, with 1 < r, < q such that (for all 
sufficiently large N) 
1 
6, ,,W > - 
q-1 
IoglogN -c‘ 
log 2 ) 
> loglogN 
q log 2 
Next, using (4) with r = r,, we have 
2: Ej.y(N) > 
log log N _ c 
OCicq 
log 2 . 
ic I, 
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Hence there exists an integer rz with 0 < rz < q, rz # r, such that (again for 
all sufficiently large N) 
K&V > (log 1% N/q log 2). 
The proof of the theorem is now complete. 
We shall conclude the discussion with some references to the literature. 
The dominant theme of almost all publications is that, in some sense or 
other, the values of p(n) are distributed not too unevenly as between various 
residue classes (mod q), where q is any integer greater than or equal to 2. 
This means, more specifically, that most known results assert that, for 
certain values of r and q, the congruence 
p(n) z r (mod q) (5) 
has “many” solutions. Nearly all investigations referred to are based on a 
study of deep identities in the theory of elliptic modular functions. We shall 
not, of course, attempt a comprehensive survey but content ourselves with a 
brief indication of some of the principal achievements. To simplify the 
account, we shall state many of the results in a weaker form than that in 
which they were proved. 
It will be convenient to use a number of abbreviations. We shall denote by 
M(r, q) (where q > 2, 0 < r < q) the statement that congruence (5) is 
satisfied for infinitely many n, and by M(q) the statement that, for each r, 
(5) has infinitely many solutions. Finer investigations are concerned with 
questions of density and lead to the study of the expression 
6(q) = lim infN-’ x 1. 
N-CC O<N 
p(n)-O(modq) 
We shall denote by D(q) the statement 6(q) > 0 and by D*(q) the stronger 
statement 6(q) > 4-l. 
In [8], Kolberg established the relations M(0, lo), M(5, lo), M(0, 14), 
M(7, 14). Newman [ 111 showed that, for h, k > 1, M(0, 5h 7k 11’ 13) is 
valid and he also stated, without proof, a large number of further results such 
as M(7, 35), M(84,91), M(11, 143). Again, Atkin and O’Brien [2] proved 
M(0, 134) and M(r, 13k) whenever k > 1 and (r, 13) = 1. 
Newman [lo] conjectured M(q) for every q > 2. When q = 2, this reduces 
to Kolberg’s theorem, and Newman gave an independent demonstration of 
this result, as well as proving M(5) and M(13). Subsequently, in [ 111, he 
also proved M(65). Further, in [lo], he showed that, given any q > 2, 
M(r, q) holds for at least two distinct values of r such that 0 < r < q. (This 
is, of course, contained in our theorem.) Klove [ 71 proved M(11’) and, in 
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[6], a number of results stronger than each of M(7), M( 17), M( 19), M(29), 
M(31). Hjelle and Klove [5] showed that, if q is any product of different 
primes chosen from the list 
5, 7, 11, 13, 17, 19, 29, 31, 37, 41, 43, 53, 59, 
then we have M(q). A few of these results are also implicit in the work of 
Atkin [ 1 ] and Atkin and O’Brien [2]. 
It is, of course, desirable to possess more precise quantitative information 
about the distribution of p(n) in various residue classes, and this naturally 
involves a study of questions concerned with density. In this area, the most 
striking and numerous contributions have been obtained by Atkin [ 11, who 
established, for example, the relations D( 13), D( 13 ‘I), D( 173), and D(23 “). 
It seems plausible to hazard the guess that, whenever q > 2, 0 < r < q, 
4,,W) - N/q (iv-, co). (6) 
Parkin and Shanks [ 131 made a searching numerical investigation of the 
case q = 2, and the evidence adduced by them strongly suggests that (6) 
holds in that case; in other words, the relation 
is likely to be valid. However, (6) is certainly not true in general. Thus 
Newman [ 121 showed the validity of D*(5) while Atkin [l] proved the 
relations D*(7), D*(l l), and D*(5 k), k > 1, and indeed a great deal more. 
Some of these results had been found (usually in a weaker form) a 
generation earlier by Watson [ 151. 
Finally, we mention a very attractive refinement of Kolberg’s theorem 
proved by Subbarao [ 141 who showed that p(2n + 1) takes both even and 
odd values infinitely often. He also stated that the analogous result for each 
of the expressions p(4n + r), 0 < r < 3, is valid. 
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